In this paper we introduce the notion of skew Boolean modules over Boolean Like Rings(for short, skew Boolean modules) and obtain various properties. We also introduce the concept of norm on skew Boolean modules and give its properties. Moreover, basis of skew Boolean modules is also introduced.
Introduction
The notion of Boolean Vector spaces is due to Subrahmanyam([8] ). In introducing this concept, Subrahmanyam was motivated by Foster([3] )who demonstrated that each element of a p-ring R(with unity)can be represented as " Boolean vector" over the Boolean algebra of idempotents of R. The bounded Boolean extension of (group) of Foster, A.L ( [4] ) has become an example for Boolean vector spaces. Gopala Rao ([5] ) generalized this concept of "Boolean Vector spaces" to a "vector space over regular rings" as regular rings are generalization of Boolean rings. Many generalization of Boolean rings (with unity) has come in to light. One such generalization is the theory of Boolean like rings of Foster,A.L ( [2] ), Swaminathan ([6] , [7] ).A Boolean like ring is a commutative ring with unity in which for all a, b ∈ R, a + a = 0 and ab(1+ a)(1+ b) = 0. Motivated by these notions of Boolean vector spaces and R-Vector spaces, we initiated the study of skew Boolean modules over Boolean like rings by generalizing the concept of Boolean vector spaces of Subrhmanyam ( [8] ). In this paper we introduce the concept of skew Boolean modules. This paper is divided in to 3 sections. In section 1, we give certain preliminary results on Boolean Like rings and give definition for Boolean Vector Spaces. In section 2, we introduce the concept of skew Boolean modules(definition [2.1] ) and study certain results on these spaces. we also define norm on skew Boolean modules and study certain properties. In section 3, we introduce basis for skew Boolean modules and study certain results.
Preliminaries
In this section we recollect some definitions and examples concerning the notion of Boolean like rings of A.L.Foster ([2] , [4] ) , and Swaminathan. V. ( [6] , [7] ) Definition 1.1. A Boolean like ring R is a commutative ring with unity in which for all elements a, b, ∈ R, a + a = 0, ab(1 + a)(1 + b) = 0. Let R be a Boolean Like ring, U be the set of invertible elements of R and R B denote the Boolean subring of idempotents of R then we have the following: Lemma 1.3. For all a ∈ R, a 4 = a 2 (weak idempotent law) Corollary 1.4. For all a ∈ R and for all non negative integers n, a n+4 = a n+2 .
Corollary 1.5. From corollary 1.4, we have, a n = a or a 2 or a 3 for any non negative integer n. Definition 1.11. Let R be a BLR, By a ' BLR extension of a group', we mean the set V of all mappings f : G → R with the following properties:
• P1: f (x) = 0 except for a finite number of elements x ∈ G;
• P2: f (x)f (y) = 0 for x, y ∈ G with x = y;
Theorem 1.12. Let V be as in definition 1.11, then (V, +) is a group where '+' is defined by (f + g)(x) = α+β=x f (α)g(β) for all x ∈ G and f, g ∈ V .
Skew Boolean modules
We begin with the concept of "skew Boolean modules over Boolean Like Rings": Let V = (V, +) be an abelian group and R = (R, +, .) be a Boolean Like Ring, whose elements we shall denote by x, y, z and a, b, c respectively; the zero of V and also the zero of R will both be denoted by 0.
Definition 2.1. V = V (, +) is said to be a a Skew Boolean module if and only if there exist a mapping: R × V → V (the image of (a, x) will be denoted by ax) such that for all x, y ∈ V and a, b ∈ R;
The elements of V shall be called Boolean vectors and that of R as scalars and the operation :(a, x) → ax, a scalar multiplication. Following this definition we will give the following examples: Example 2.2. Let R = (R, +, .) be a Boolean Like Ring and V be the Boolean Like Ring extension of an abelian group G ( [1] ). For a ∈ R and f ∈ V define the scalar multiplication as (af )(x) = a 3 f (x) if x( = 0) in G and (af )(0) = 1 − a 2 + af (0), then one can easily verify that V is a skew Boolean module over R.
Example 2.3. Let R = (R, +, .) be a Boolean Like Ring and V = (R, +) be the additive group of the corresponding Boolean Like Ring; then V is a skew Boolean module over R if we define, for each a ∈ R and x ∈ V , the scalar product ax as the product of a and x in R.
Example 2.4. Let R be a Boolean like ring and U be its multiplicative group of invertible elements. For each a ∈ R and x ∈ V , define the scalar multiplication a x = a 2 x + 1 − a 2 , then U is a skew Boolean module over R.
Example 2.5. Let R be the Boolean Like ring H 4 = {0, 1, p, q} as in example 1.2 and let V be the group {0, 1, 2, 3} of addition modulo 4. Define the scalar multiplication by putting 0x = x, 1x = x, px = x and qx = x + 2. Then one can easily verify that V is a skew boolean module over R.
Remark 2.6. Every Boolean vector space V over a Boolean algebra B = (B, +, ., ) of ( [8] ) is a skew Boolean module over R where R is the Boolean ring corresponding to the Boolean algebra, if we define the scalar product the same as in the Boolean vector space. Therefore, skew-BLR modules are the generalization of Boolean Vector spaces.
The following are easy consequences of the definition Lemma 2.7. For all x ∈ V and a ∈ R, 0x = 0 and a 2 0 = 0. Proof. Follows from lemma 2.10 Theorem 2.12. Let V be a skew Boolean module. If V is an R-module, then x + x = 0 for all x ∈ V . The converse of this theorem is true if R is a Boolean ring.
Proof. Let V be an R-module, then (a + b)x = (a + ab)x + (b + ab)x (by Lemma 2.9) = ax + abx + bx + abx (since V is R module). so that, ab(x + x) = 0 ⇒ x + x = 0. Now let R be a Boolean ring, for all a, b ∈ R, (a + b)x = a(1+b)x+b(1+a)x = a(x−bx)+b(x−ax) (by Lemma 2.10) = ax−abx+bx−abx = ax + bx + ab(−x + (−x)) = ax + bx. 2. |ax| = a |x| for all a ∈ R B and x ∈ V .
Theorem 2.14. For a skew Boolean module V over R, then the following statements are equivalent:
1. V is normed 2. To each x ∈ V there corresponds an element a x ∈ R B such that:
Proof. Suppose V is normed. For any x ∈ V , put a x = |x|.
, so that a x x = x. Now, let b ∈ R B such that bx = x, then a x = |x| = |bx| = b |x| = ba x . Thus, a x < b (since a x ∈ R B ). Now, assume 2, For each x ∈ V , define |x| = a x . Now, let |x| = 0, then x = a x x(by (a)) = |x| x = 0x = 0 (by lemma 2.6). Moreover, let x = 0, then |0| = a 0 and 0.0 = 0, 0 ∈ R B implies a 0 < 0. Consequently, a 0 = 0. First, if c ∈ R B , x ∈ V and cx = 0 we have, (1 − c)x = x (by lemma 2.11) ⇒ a x < 1−c ⇒ a x = (1−c)t for some t ∈ R B , so that ca x = 0; hence if b ∈ R B and b(cx) = cx Proof. Let x ∈ V , then x = (1 − |x| + |x|)x = (1 − |x|)x + |x| x = (1 − |x|)x + x. so that, (1 − |x|)x = 0. Corollary 2.17. If V is a normed skew Boolean module, then |x + y| < |x| + |y| − |x| |y| for all x, y in V.
Proof. Let x, y ∈ V , then (1 − |x|)(1 − |y|)(x + y) = (1 − |x|)(1 − |y|)x + (1 − |x|)(1−|y|)y = 0(by Corollary 2.15). Thus,(1−(1−|x|)(1−|y|))(x+y) = x+y (by lemma 2.11) and hence |x + y| < 1 − (1 − |x|)(1 − |y|) = |x| + |y| − |x| |y| (by theorem 2.14). Proof. Let x, y ∈ V , then |x| |x + y| = ||x| (x + y)| = |x + |x| y| = |x|. Similarly,|y| |x + y| = |y|. Consequently, (|x| + |y|) |x + y| = |x| |x + y| + |y| |x + y| = |x| + |y|. So that |x| + |y| < |x + y|. Thus, |x| + |y| = |x + y| ( Using corollary 2.16).
Basis of a skew Boolean modules
In this section we introduce the notion of a ' basis' of a skew Boolean modules and we study its properties. 
n is the 'minimal idempotent duplicator of x'(in the sense of theorem 2.14).
Proof. Now,ax = (a
By uniqueness, we have ba ∈ R B and by definition 1.7) . Now we will assume that V is a normed skew Boolean module with a basis G * and put G = G * ∪ {0}, we have the following.
Theorem 3.5. G is a subgroup of V.
The proof of this theorem follows from the following lemmas. Proof. The proof follows from lemma 3.8, lemma 3.9 and definition 2.12. Corollary 3.12. The representation of each x ∈ V , in terms of the basis, is unique.
